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1. INTRODUCTION AND PRELIMINARIES
In 1992 Matthews [18] introduced the notion of a partial metric space as a part
of the study of denotational semantics of data flow networks. The main difference
comparing to the standard metric is that the self-distance of an arbitrary point need
not be equal to zero. After that, partial metric spaces were investigated by many
authors, see [14, 19, 28], [16, Chapter 14] and the references given there.
In 2012 Harandi [9] introduced the notion of a metric-like space as a generalization
of a partial metric space and initiated the fixed point theory in this space. As an ap-
plication, the author derived some new fixed point theorems in partial metric spaces.
Note that a metric-like was mentioned before as a dislocated metric in [10, 29].
After that metric-like spaces and its modifications were investigated by many oth-
ers. Isik and Turkoglu [11] established some fixed point theorems for weakly con-
tractive maps defined in ordered metric-like spaces. Malhotra et al. [17] obtained the
fixed point results for F -type contractions which satisfy a weaker condition than the
monotonicity of self-map of a partially ordered metric-like space. A fixed point result
for F -expansive maps was also proved. Shukla et al. [25] introduced the notion of
a 0- -complete metric-like space and proved some common fixed point theorems in
such space. Shobkolaei et al. [25] demonstrated a fundamental lemma for the con-
vergence of sequences in metric-like spaces, and by using it authors proved some
Suzuki-type fixed point results. Karapinar and Salimi [15] discussed the existence
and uniqueness of a fixed point of a cyclic map in the context of metric-like spaces.
Recently, Salimi et al. [23] introduced the notions of ˛- -contractive and cyclic
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˛- -contractive maps and established the existence and uniqueness of fixed points
for such maps in complete metric-like spaces. The results generalized and extended
several comparable results in the existing literature.
The above results unified and generalized some well-known fixed point results in
the literature. To prove these results, authors used similar techniques as that used to
prove fixed point theorems in metric spaces.
In this paper we present another approach to fixed point theorems in metric-like
spaces. By introducing two metrics induced from a metric-like space we show that
some fixed point theorems in metric-like spaces may be deduced immediately from
fixed point theorems in metric spaces. In particular, we show that
(1) [9, Theorem 2.7] is a consequence of [22, Theorem 1].
(2) [9, Theorem 2.11] is a consequence of [21, Corollary on page 463].
(3) [11, Theorem 1], [11, Theorem 2] and [11, Theorem 3] are consequences of
[20, Corollary 3.3] and [20, Theorem 4.3].
(4) [25, Theorem 9] is a consequence of [27, Theorem 2].
(5) Various fixed point theorems in metric-like spaces in [1, 2, 4, 5, 12, 13, 15, 17,
23, 26] may be deduced from certain fixed point theorems in metric spaces
by using similar arguments.
This work may be seen as a continuation of [3, 8] and some others in obtaining
fixed point theorems on generalized metric spaces from fixed point theorems on cer-
tain metric spaces.
First, we recall some notions and lemmas which will be used latter.
Definition 1 ([9, Definition 2.1]). LetX be a non-empty set and  WXX  !RC
be a function such that for all x;y;´ 2X ,
(1) If .x;y/D 0 then x D y;
(2) .x;y/D .y;x/;
(3) .x;´/ .x;y/C.y;´/.
Then  is called a metric-like on X and the pair .X;/ is called a metric-like space.
Each metric-like  on X generates a topology  on X whose base is the family of
open  -balls
B .x;"/D
˚
y 2X W j.x;y/ .x;x/j< "	
for all x 2 X and " > 0. A sequence fxng in .X;/ is called convergent to a point
x 2 X if lim
n!1.xn;x/D .x;x/, written limn!1xn D x. A sequence fxng in .X;/
is called  -Cauchy if lim
n;m!1.xn;xm/ exists and is finite. The metric-like space
.X;/ is called complete if for each  -Cauchy sequence fxng, there exists some
x 2X such that
lim
n!1.xn;x/D .x;x/D limn;m!1.xm;xn/:
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Remark 1 ([9, page 2]). (1) If f WX  !Y is a continuous map from a metric-
like spaceX to a metric-like space Y and lim
n!1xnD x inX then limn!1f .xn/
D f .x/ in Y .
(2) Every partial metric space [6, Definition 2] is a metric-like space.
Some interesting examples of metric-like spaces are as follows.
Example 1 ([9, Example 2.2]). Let X D f0;1g and
.x;y/D

2 if x D y
1 if x ¤ y:
Then  is a metric-like. Since .0;0/ > .0;1/,  is not a partial metric.
Example 2 ([17, Example 3]). Let X D RC and
.x;y/D

2x if x D y
maxfx;yg if x ¤ y:
Then  is a metric-like. Since .1;1/ > .0;1/,  is not a partial metric.
2. METRICS INDUCED BY A METRIC-LIKE
First, we present some new notions and lemmas in metric-like spaces.
Definition 2. Let .X;/ be a metric-like space.
(1) A sequence fxng is called 0- -Cauchy if lim
n;m!1.xn;xm/D 0.
(2) .X;/ is called 0-complete if for each 0- -Cauchy sequence fxng, there ex-
ists some x 2X such that
lim
n!1.xn;x/D .x;x/D limn;m!1.xm;xn/D 0:
Lemma 1. Let .X;/ be a metric-like space.
(1) If .X;/ is complete then it is 0-complete.
(2) If lim
n!1xnD x, limn!1ynD y and .x;x/D .y;y/D 0 then limn!1.xn;yn/
D .x;y/.
Proof. (1). It is straightforward from the definition.
(2). The inequality
.xn;yn/ .xn;x/C.x;y/C.y;yn/
implies
.xn;yn/ .x;y/ .xn;x/C.y;yn/:
Similarly
.x;y/ .x;xn/C.xn;yn/C.yn;y/
implies
.x;y/ .xn;yn/ .xn;x/C.y;yn/:
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So that
j.xn;yn/ .x;y/j  .xn;x/C.yn;y/: (2.1)
Taking the limit as n!1 in (2.1) and note that .x;x/ D .y;y/ D 0, we have
lim
n!1.xn;yn/D .x;y/. 
The following example shows that the implication (1) in Lemma 1 can not be
reversed.
Example 3. Let X D .0;1/ and .x;y/ D jx   yj C 1 for all x;y 2 X . Then
we have
(1)  is a metric-like.
(2) .X;/ is 0-complete.
(3) .X;/ is not complete.
Proof. (1). It is easy to check that  is a metric-like on X .
(2). Since .x;y/  1 for all x;y 2 X , .X;/ has no any 0- -Cauchy sequence.
This shows that .X;/ is 0-complete.
(3). We have that
lim
n;m!1
  1
2n
;
1
2m
D lim
n;m!1
 ˇˇ 1
2n
  1
2m
ˇˇC1D 1:
Then
˚
1
2n
	
is a  -Cauchy sequence in .X;/. On the contrary, suppose that lim
n!1
1
2n
D x in .X;/. Then
lim
n!1
  1
2n
;x
D lim
n!1
 ˇˇ 1
2n
 x ˇˇC1D .x;x/D 1:
This implies that x D 0 2 X D .0;1/. It is a contradiction. Then ˚ 1
2n
	
is not conver-
gent in .X;/. Therefore, .X;/ is not complete. 
From a given metric-like we construct two metrics as follows.
Theorem 1. Let .X;/ be a metric-like space and
d .x;y/D

0 if x D y
.x;y/ if x ¤ y
m .x;y/D

0 if x D y
max
˚
.x;y/;.x;x/;.y;y/
	
if x ¤ y:
Then we have
(1) d and m are metrics on X .
(2) The metric-like space .X;/ is 0-complete if and only if the metric space
.X;d / is complete.
(3) The metric-like space .X;/ is 0-complete if and only if the metric space
.X;m / is complete.
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Proof. (1). It is clear that d is a metric on X . For all x;y 2 X , we have
m .x;y/D 0 if and only if xD y andm .x;y/Dm .y;x/. Now, for all x;y;´2X ,
we may assume x ¤ y ¤ ´. Then
m .x;´/Dmax
˚
.x;´/;.x;x/;.´;´/
	
max˚.x;y/C.y;´/;.x;x/;.´;´/	
max˚.x;y/;.x;x/	Cmax˚.y;´/;.´;´/	
max˚.x;y/;.x;x/;.y;y/	Cmax˚.y;´/;.y;y/;.´;´/	
Dm .x;y/Cm .y;´/:
Therefore, m is also a metric on X .
(2). Suppose that .X;/ is 0-complete and let fxng be a Cauchy sequence in
.X;d /.
If there exists x 2 X such that the set fn 2 N W xn D xg is infinite then we get a
subsequence fxnkg of fxng such that d .xnk ;x/D 0 for all k 2N. So lim
k!1
xnk D x
in .X;d /. Since fxng is a Cauchy sequence in .X;d /, we get lim
n!1xn D x in
.X;d /.
If this situation does not happen then there exists n0 2 N such that xn ¤ xm
for all n ¤ m  n0. So .xn;xm/ D d .xn;xm/ for all n ¤ m  n0. In this case
lim
n;m!1.xn;xm/D limn;m!1d .xn;xm/D 0. Then fxng is a 0- -Cauchy sequence.
By hypothesis there exists x 2X such that
lim
n!1.xn;x/D .x;x/D limn;m!1.xn;xm/D 0:
Then lim
n!1d .xn;x/D limn!1.xn;x/D 0. So limn!1xn D x in .X;d /.
By the above, the metric space .X;d / is complete.
Conversely, suppose that .X;d / is complete and let fxng be a 0- -Cauchy se-
quence in the metric-like space .X;/. Then
d .xn;xm/D
(
.xn;xm/ if xn ¤ xm
0 if xn D xm
for all n;m 2 N. This implies that fxng is a Cauchy sequence in .X;d /. So there
exists x 2X such that lim
n!1xn D x in .X;d /.
If the set Mx D fn 2 N W xn D xg is infinite then we get a subsequence fxnkg
of fxng such that .xnk ;xmk / D .x;x/ for all k. Since fxng is 0- -Cauchy, we
get lim
k!1
.xnk ;xmk / D .x;x/ D 0. So lim
k!1
.xnk ;x/ D .x;x/ D 0. Note that
.xk;x/ .xk;xnk /C.xnk ;x/ for all k 2N and fxng is a 0- -Cauchy in .X;/.
So lim
k!1
.xk;x/ D 0. This shows that lim
n!1xn D x in .X;/. For n 2 N nMx
we get xn ¤ x and so .xn;x/ D d .xn;x/. This implies that lim
n!1.xn;x/ D
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lim
n!1d .xn;x/D 0. Note that
0 .x;x/ lim
n!1

.x;xn/C.xn;x/
D 0:
Then we have
lim
n!1.xn;x/D .x;x/D limn;m!1.xn;xm/D 0:
By the above, the metric-like space .X;/ is 0-complete.
(3). Suppose that .X;/ is 0-complete and let fxng be a Cauchy sequence in the
metric space .X;m /. If there exists x 2 X such that fn 2 N W xn D xg is infinite
then, as in the proof of (2), it follows lim
n!1xn D x in .X;m /.
Suppose now that xn ¤ xm for all n¤m 2N. Then we have
0 lim
n;m!1.xn;xm/ limn;m!1max
˚
.xn;xm/;.xn;xn/;.xm;xm/
	
D lim
n;m!1m .xn;xm/D 0:
This shows that fxng is a 0- -Cauchy sequence in the 0-complete metric-like space
.X;/. Then there exists x 2X such that
lim
n!1.xn;x/D .x;x/D limn;m!1.xn;xm/D 0:
It follows that lim
n!1.xn;xn/D 0 and so
lim
n!1m .xn;x/D limn!1max
˚
.xn;x/;.xn;xn/;.x;x/
	D 0:
This shows that lim
n!1xn D x in .X;m /.
By the above, the metric space .X;m / is complete.
Conversely, suppose that .X;m / is complete and let fxng be a 0- -Cauchy se-
quence in the metric-like space .X;/. So lim
n;m!1.xn;xm/D 0. Then
lim
n!1.xn;xn/D limm!1.xm;xm/D 0:
So that
lim
n;m!1m .xn;xm/D limn;m!1max
˚
.xn;xm/;.xn;xn/;.xm;xm/
	D 0:
Thus fxng is a Cauchy sequence in the complete metric space .X;m /. Then there
exists x 2X such that
lim
n!1m .xn;x/D limn!1max
˚
.xn;x/;.xn;xn/;.x;x/
	D 0:
It implies that lim
n!1.xn;x/D .x;x/D 0: Therefore,
lim
n!1.xn;x/D .x;x/D limn;m!1.xn;xm/D 0:
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So lim
n!1xnD x in .X;/. This shows that the metric-like space .X;/ is 0-complete.

Next, we prove a technical lemma on the relation between certain values relating
the metric-like space .X;/ and the metric space .X;m / mentioned in Theorem 1.
Lemma 2. Let .X;/ be a metric-like space, T W X  ! X be a map and for all
x;y 2X ,
M .x;y/Dmax
˚
.x;y/;.x;T x/;.y;Ty/;.x;Ty/;.y;T x/;.x;x/;
.y;y/;.T x;T x/;.Ty;Ty/
	
;
Mm .x;y/Dmax
˚
m .x;y/;m .x;T x/;m .y;Ty/;m .x;Ty/;m .y;T x/
	
:
Then M .x;y/DMm .x;y/ for all x ¤ y 2X .
Proof. We first show that M .x;y/ Mm .x;y/ for all x ¤ y 2 X . We only
consider the following four cases.
Case 1. M .x;y/Dmax
˚
.x;y/;.x;x/;.y;y/
	
. Then
M .x;y/Dm .x;y/Mm .x;y/:
Case 2. M .x;y/D .x;T x/. If T x D x then
M .x;y/D .x;x/m .x;y/Mm .x;y/:
If T x ¤ x then
M .x;y/D .x;T x/max
˚
.x;T x/;.x;x/;.T x;T x/
	Dm .x;T x/
Mm .x;y/:
Case 3. M .x;y/D .x;Ty/. If Ty D x then
M .x;y/D .x;x/m .x;y/Mm .x;y/:
If Ty ¤ x then
M .x;y/D .x;Ty/max
˚
.x;Ty/;.x;x/;.Ty;Ty/
	Dm .x;Ty/
Mm .x;y/:
Case 4. M .x;y/D .T x;T x/. If T x D x then
M .x;y/D .x;x/m .x;y/Mm .x;y/:
If T x ¤ x then
M .x;y/D .T x;T x/max
˚
.x;T x/;.x;x/;.T x;T x/
	Dm .x;T x/
Mm .x;y/:
We next show that M .x;y/ Mm .x;y/ for all x ¤ y 2 X . We only consider
the following three cases.
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Case 1. Mm .x;y/Dm .x;y/. Then
Mm .x;y/Dmax
˚
.x;y/;.x;x/;.y;y/
	M .x;y/:
Case 2. Mm .x;y/Dm .x;T x/. If T x D x then
Mm .x;y/D 0M .x;y/:
If T x ¤ x then
Mm .x;y/Dm .x;T x/Dmax
˚
.x;T x/;.x;x/;.T x;T x/
	M .x;y/:
Case 3. Mm .x;y/Dm .x;Ty/. If Ty D x then
Mm .x;y/D 0M .x;y/:
If Ty ¤ x then
Mm .x;y/Dm .x;Ty/Dmax
˚
.x;Ty/;.x;x/;.Ty;Ty/
	M .x;y/:
By the above, we have M .x;y/DMm .x;y/. 
3. APPLICATIONS
In this section we show that some fixed point theorems in metric-like spaces may
be obtained from the corresponding results in metric spaces. The following results
are consequences of [7, Theorem 2.1].
Theorem 2. Let .X;/ be a complete metric-like space and T W X  ! X be a
map such that
.T x;Ty/   M .x;y/ (3.1)
for all x;y 2X , whereM .x;y/ is defined as in Lemma 2, and  W Œ0;1/ ! Œ0;1/
is a non-decreasing function satisfying  .t/ < t , lim
s!tC
 .s/
< t for all t > 0 and lim
t!1

t   .t/D1. Then T has a fixed point.
Proof. Since  is non-decreasing, it follows from (3.1) that
.T x;T x/   max˚.x;x/;.x;T x/;.T x;T x/	   M .x;y/ (3.2)
for all x;y 2X . By using (3.1), (3.2) and Lemma 2, we have, for T x ¤ Ty,
m .T x;Ty/Dmax
˚
.T x;Ty/;.T x;T x/;.Ty;Ty/
	   M .x;y/
D   Mm .x;y/:
Note that if T x D Ty then the inequality m .T x;Ty/   
 
Mm .x;y/

is obvi-
ously true. Then, from Lemma 1.(1) and Theorem 1.(3), we obtain that .X;m / is a
complete metric space. Then, by using [7, Theorem 2.1], we get the conclusion. 
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Theorem 3 ([9, Theorem 2.4]). Let .X;/ be a complete metric-like space and
T WX  !X be a map such that
.T x;Ty/   M.x;y/ (3.3)
for all x;y 2X , where
M.x;y/Dmax˚.x;y/;.x;T x/;.y;Ty/;.x;Ty/;.y;T x/;.x;x/;.y;y/	
and W Œ0;1/ ! Œ0;1/ is a non-decreasing function satisfying .t/< t , lim
s!tC
 .s/
< t for all t > 0 and lim
t!1

t   .t/D1. Then T has a fixed point.
Proof. SinceM.x;y/M .x;y/ for all x;y 2X and is non-decreasing, we see
that (3.3) implies (3.1). Then the conclusion is a direct consequence of Theorem 2.

The following is a consequence of [22, Theorem 1].
Theorem 4 ([9, Theorem 2.7]). Let .X;/ be a complete metric-like space and
T WX  !X be a map such that
.T x;Ty/ .x;y/ ' .x;y/ (3.4)
for all x;y 2X , where ' W Œ0;1/ ! Œ0;1/ is a non-decreasing continuous function
satisfying '.t/D 0 if and only if t D 0. Then T has a unique fixed point.
Proof. We will prove that
d .T x;Ty/ d .x;y/ '
 
d .x;y/

: (3.5)
by considering the following three cases.
Case 1. T x ¤ Ty. Then (3.5) is a direct consequence of (3.4).
Case 2. T xD Ty and xD y. Then (3.5) becomes 0 0 '.0/ and that obviously
holds.
Case 3. T x D Ty and x ¤ y. Then (3.5) becomes 0  .x;y/ ' .x;y/ and
that holds by (3.4).
By the above cases, we have that (3.5) holds for all x;y 2 X . From Lemma 1.(1)
and Theorem 1.(2), we obtain that .X;d / is a complete metric space. Then, by using
[22, Theorem 1], we get the conclusion. 
The following result is a consequence of [21, Corollary on page 463].
Theorem 5 ([9, Theorem 2.11]). Let .X;/ be a complete metric-like space and
T WX  !X be a map such that
.T x;Ty/ ˛ .x;y/.x;y/ (3.6)
for all x;y 2X , where ˛ W Œ0;1/ ! Œ0;1/ is non-increasing. Then T has a unique
fixed point.
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Proof. Using [21, Corollary on page 463] and the argument as in the proof of
Theorem 4. 
Remark 2. There exist a metric-like space .X;/ and a map T W X  ! X such
that
maxf.xn;xn 1/;.xnC1;xn/g
<max
˚
.xn;xn 1/;.xn;T xn/;.xn 1;T xn 1/;.xn;xn/;.xn 1;xn 1/;
1
2

.xn;T xn 1/C.T xn;xn 1/
	
where xn D T xn 1 for all n 2N and all x0 2X .
Proof. Let X D f1;2g and .1;1/ D .2;2/ D 1, .1;2/ D .2;1/ D 1
2
. Then
.X;/ is a metric-like space. Put T1D 2, T 2D 1. Then we have
1
2
Dmaxf.xn;xn 1/;.xnC1;xn/g
< 1
Dmax˚.xn;xn 1/;.xn;T xn/;.xn 1;T xn 1/;.xn;xn/;.xn 1;xn 1/;
1
2

.xn;T xn 1/C.T xn;xn 1/
	
:

Remark 2 implies the argument on [11, page 4] that
max
˚
.xn;xn 1/;.xn;T xn/;.xn 1;T xn 1/;.xn;xn/;.xn 1;xn 1/;
1
2

.xn;T xn 1/C.T xn;xn 1/
	
maxf.xn;xn 1/;.xnC1;xn/g
is not correct. Then [11, Theorem 1], [11, Theorem 2] and [11, Theorem 3] must to
be restated as in Theorem 6, Theorem 7 and Theorem 8 respectively, where
max
˚
.x;y/;.x;T x/;.y;Ty/;.x;x/;.y;y/;
1
2

.x;Ty/C.y;T x/	
in mentioned theorems is replaced by
max
˚
.x;y/;.x;T x/;.y;Ty/;
1
2

.x;Ty/C.y;T x/	:
Note that they are consequences of [20, Corollary 3.3] and [20, Theorem 4.3].
Theorem 6. Let .X;;/ be a partially ordered complete metric-like space and
T W X  ! X be a continuous and non-decreasing map such that for all comparable
x;y 2X ,
 
 
.T x;Ty/
   N.x;y/  N.x;y/ (3.7)
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where
N.x;y/Dmax˚.x;y/;.x;T x/;.y;Ty/; 1
2

.x;Ty/C.y;T x/	
and
(1)  W Œ0;1/  ! Œ0;1/ is continuous non-decreasing function with  .t/D 0
if and only if t D 0;
(2)  W Œ0;1/  ! Œ0;1/ is a lower semi-continuous function with .t/ D 0 if
and only if t D 0.
If there exists x0 2X with x0  T x0 then T has a fixed point.
Proof. Using [20, Corollary 3.3] and the argument as in the proof of Theorem 4.

Theorem 7. Under the same hypotheses of Theorem 6 and without assuming the
continuity of T , assume that whenever fxng is a non-decreasing sequence in X such
that lim
n!1xn D x implies xn  x for all n 2N, then T has a fixed point in X .
Proof. By using [20, Corollary 3.3] and the argument as in the proof of Theorem 4.

Theorem 8. Let all conditions of Theorem 6 (resp. Theorem 7) be fulfilled and let
the following condition be satisfied: for arbitrary two points x;y 2 X , there exists
´ 2X which is comparable with both x and y. Then the fixed point of T is unique.
Proof. Using [20, Theorem 4.3] and the argument as in the proof of Theorem 4.

Theorem 9 ([25, Theorem 9]). Let .X;/ be a complete metric-like space,  W
Œ0;1/  ! .1
2
;1 be a function defined by
.r/D
8ˆˆ<ˆ
:ˆ
1 if 0 r 
p
5 1
2
1 r
r2
if
p
5 1
2
 r  1p
2
1
1Cr if p2  r  1
and T WX  !X be a map such that for all x;y 2X ,
.r/.x;T x/ .x;y/ implies .T x;Ty/ r.x;y/: (3.8)
Then T has a unique fixed point ´ 2X and for each x 2X , lim
n!1T
nx D ´.
Proof. We will prove that for all x;y 2X ,
.r/d .x;T x/ d .x;y/ implies d .T x;Ty/ rd .x;y/: (3.9)
If T x D Ty then d .T x;Ty/ D 0 and thus (3.9) obviously holds. If T x ¤ Ty
then x ¤ y and thus d .T x;Ty/ D .T x;Ty/, d .x;y/ D .x;y/. Note that if
728 N. V. DUNG, N. T. HIEU, AND V. T. L. HANG
x D T x then T obviously has fixed point. So we may assume that x ¤ T x and then
d .x;T x/D .x;T x/. In this case we find that (3.8) becomes (3.9).
So (3.9) holds for all x;y 2 X . By Theorem 1 we see that .X;d / is complete
since .X;/ is complete. By [27, Theorem 2] we get the conclusion. 
Remark 3. By using similar arguments as in the proofs of above corollaries, we
may obtain various fixed point theorems in metric-like spaces in [1, 2, 4, 5, 12, 13, 15,
17, 23, 26] from certain fixed point theorems in metric spaces. Then authors should
be careful on stating fixed point theorems in metric-like spaces. Note that every
partial metric space is a metric-like space and for more details on obtaining fixed
point theorems on partial metric spaces from fixed point theorems in metric spaces,
readers may refer to [8] and [24].
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